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Abstract:
The QCD collinear factorization framework allows one to describe exclusive backward
production of a J/ψ meson in pion-nucleon collisions in terms of pion-to-nucleon transi-
tion distribution amplitudes. We calculate the scattering amplitude at the leading order
in the strong coupling constant and estimate the cross section of this reaction in the
backward kinematical region for a medium energy pion beam available at the J-Parc
experimental facility.
1 Introduction
Besides leptoproduction experiments, hadronic facilities open complementary accesses
to the study of the partonic content of hadrons. Indeed the collinear factorization theo-
rems of quantum chromodynamics (QCD) allow one to define universal hadronic matrix
elements which enter scattering amplitudes in both lepton-nucleon and meson-nucleon
reactions in specific kinematical conditions. This statement is true for both inclusive and
exclusive reactions. In the last two decades, we have witnessed tremendous progress in
the understanding of deeply virtual Compton scattering (DVCS) and deep meson electro-
production within this framework. The detailed study of generalized parton distributions
(GPDs) [1], the relevant hadronic matrix elements, is a major goal of modern hadronic
physics. Timelike processes such as the timelike Compton scattering (TCS) [2] and ex-
clusive Drell-Yan production in πN collisions [3] obey the same factorization properties
and allow to access the same GPDs. Exclusive charmonium production has also been
addressed in the same framework [4].
The extension of the collinear factorization approach to other processes such as back-
ward virtual Compton scattering and backward meson electroproduction, has been ad-
vocated [5, 6, 7] although the corresponding factorization theorems have not yet been
rigorously proven. This leads to the definition of new hadronic matrix elements of three
quark operators on the light cone, the nucleon-to-meson transition distribution ampli-
tudes (TDAs) [8]. To motivate the validity of such a factorization regime, one requires
the existence of a large scale Q, which may be taken as the virtuality of the photon
quantifying the electromagnetic probe or the mass of a heavy quark in the case of heavy
quarkonium production. This large scale plays the role of the factorization scale and
determines the magnitude of the QCD coupling constant αs.
The intense pion beam available at the Japan Proton Accelerator Research Complex
(J-Parc) (the pion beam momentum Ppi ∼ 10 − 20 GeV; center-of-mass energy squared
W 2 = m2N +m
2
pi + 2EpimN ≈ 2mNPpi) opens the possibility to study hard exclusive reac-
tions such as lepton pair or charmonium production in πN collisions. This will provide
new ways of testing the universality of GPDs and TDAs. The recent feasibility study [9]
of forward lepton pair production suggests that GPDs can be accessed there. Here we
address the complementary case of backward charmonium production, the perturbative
QCD description of which involves pion-to-nucleon TDAs. This process can be seen as
the cross-channel counterpart of nucleon-antinucleon annihilation into heavy quarkonium
in association with a pion. The description of this latter process within the collinear fac-
torization approach involving nucleon-to-pion TDAs was studied in Ref. [10]. The cross
section estimates performed for the kinematical conditions of P¯ANDA@GSI-FAIR lead
to large enough production rates to be experimentally accessed [11, 12].
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2 Kinematics of the reaction
In the present paper we consider the reaction
π−(ppi) +N
p(p1) → J/ψ(pψ) +Nn(p2) . (1)
The πN center-of-mass energy squared s = (ppi + p1)
2 ≡ W 2 and the charmonium mass
squared M2ψ introduce the natural hard scale. In complete analogy with our analysis of
the nucleon-antinucleon annihilation process [13, 14] we assume that this reaction admits
a factorized description in the near-backward kinematical regime (see Fig. 1), where
|u| ≡ |∆2| = |(p2 − ppi)2| ≪ W 2, M2ψ. This corresponds to the final nucleon moving
almost in the direction of the initial pion in πN center-of-mass system (CMS).
Np(p1)
π−(pπ)
J/ψ(pψ)
Nn(p2)
Nπ TDA
N DA
u
Figure 1: Collinear factorization of the π−(ppi)+N
p(p1)→ Nn(p2)+ J/ψ(pψ) reaction in
the u-channel regime. DA stands for the distribution amplitude of the incoming nucleon;
π → N TDA stands for the transition distribution amplitude from a pion to a nucleon.
The z-axis is chosen along the direction of the pion beam in the meson-nucleon CMS
frame. We introduce the light-cone vectors p, n satisfying 2p · n = 1. The Sudakov
decomposition of the relevant momenta reads
ppi = (1 + ξ)p+
m2pi
1 + ξ
n ;
p1 =
2(1 + ξ)m2N
W 2 + Λ(W 2, m2N , m
2
pi)−m2N −m2pi
p+
W 2 + Λ(W 2, m2N , m
2
pi)−m2N −m2pi
2(1 + ξ)
n ;
∆ ≡ (p2 − ppi) = −2ξp+
(
m2N −∆2T
1− ξ −
m2pi
1 + ξ
)
n +∆T ;
pψ = p1 −∆ ; p2 = ppi +∆, (2)
where
Λ(x, y, z) =
√
x2 + y2 + z2 − 2xy − 2xz − 2yz (3)
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is the Mandelstam function and mN and mpi stand respectively for the nucleon and pion
masses. The transverse direction in (2) is defined with respect to the z direction and ξ
is the skewness variable
ξ ≡ −(p2 − ppi) · n
(p2 + ppi) · n. (4)
Within the collinear factorization framework we neglect both the pion and nucleon
masses with respect to Mψ and W and set ∆T = 0 within the coefficient function. This
results in the approximate expression for the skewness variable (4):
ξ ≃ M
2
ψ
2W 2 −M2ψ
. (5)
However, the approximation (5) can potentially affect the definition of the physical do-
main of the reaction (1) determined by the requirement ∆2T ≤ 0, where
∆2T =
1− ξ
1 + ξ
(
u− 2ξ
[
m2pi
1 + ξ
− m
2
N
1− ξ
])
. (6)
To improve the approximate kinematical formulas in the vicinity of the threshold it is
sometimes convenient to keep partly the finite mass corrections resulting in the modified
expression for skewness variable
ξ =
M2ψ −m2N − u
W 2 + Λ(W 2, m2N , m
2
pi) + u−M2ψ −m2pi
+O(
m4N
W 4
) +O(
m2Nu
W 4
) + O(
m2Nm
2
pi
W 4
). (7)
In order to control the validity of the kinematic approximations (5), (7) it is instructive
to consider the exact kinematics of the reaction (1) in the πN CMS frame. In this frame
the relevant momenta read:
ppi =
(
W 2 +m2pi −m2N
2W
, ~ppi
)
; pψ =
(
W 2 +M2ψ −m2N
2W
, −~p2
)
;
p1 =
(
W 2 +m2N −m2pi
2W
, −~ppi
)
; p2 =
(
W 2 +m2N −M2ψ
2W
, ~p2
)
, (8)
where
|~ppi| = Λ(W
2, m2N , m
2
pi)
2W
; |~p2| =
Λ(W 2, m2N ,M
2
ψ)
2W
. (9)
The CMS scattering angle θ∗u is defined as the angle between ~ppi and ~p2:
cos θ∗u =
2W 2(u−m2N −m2pi) + (W 2 +m2pi −m2N)(W 2 +m2N −M2ψ)
Λ(W 2, m2N , m
2
pi)Λ(W
2, m2N ,M
2
ψ)
. (10)
The transverse momentum transfer squared (6) is then given by
∆2T = −
Λ2(W 2,M2ψ, m
2
N)
4W 2
(1− cos2 θ∗u) (11)
and the physical domain for the reaction (1) is defined from the requirement that ∆2T ≤ 0.
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• In particular, the backward kinematics regime θ∗u = 0 corresponds to ~p2 along ~ppi,
which means that J/ψ is produced along −~ppi i.e. in the backward direction. In
this case u reaches its maximal value
umax ≡ 2ξ(m
2
pi(ξ − 1) +m2N(ξ + 1))
ξ2 − 1
= m2N +m
2
pi −
(W 2 +m2pi −m2N )(W 2 +m2N −M2ψ)
2W 2
+ 2|~ppi||~pψ|. (12)
At the same time t = (p2− p1)2 reaches its minimal value tmin (W 2+ umax+ tmin =
2m2N +m
2
pi +M
2
ψ).
Note that u is negative, and therefore |umax| is the minimal possible absolute value
of the momentum transfer squared. It is for u ∼ umax that one may expect to satisfy
the requirement |u| ≪ W 2, M2ψ which is crucial for the validity of the factorized
description of (1) in terms of π → N TDAs and nucleon distribution amplitudes
(DAs).
• Another limiting value θ∗u = π corresponds to ~p2 along −~ppi i.e J/ψ produced in the
forward direction. In this case u reaches its minimal value
umin = m
2
N +m
2
pi −
(W 2 +m2pi −m2N)(W 2 +m2N −M2ψ)
2W 2
− 2|~ppi||~pψ|. (13)
At the same time t = (p2 − p1)2 reaches its maximal value tmax. The factorized
description in terms of π → N TDAs does not apply in this case as |u| turns to be
of order of W 2.
3 Hard part of the π− +Np → J/ψ +Nn amplitude
The calculation of the π− + Np → J/ψ + Nn scattering amplitude follows the same
main steps as the classical calculation of the J/ψ → p+ p¯ decay amplitude [15, 16, 17, 18].
Assuming the factorization of small and large distance dynamics the hard part of the
amplitude is computed within perturbative QCD (pQCD). Large distance dynamics is
encoded within the matrix elements of QCD light-cone operators between the appropriate
hadronic states.
The leading order amplitude of the J/ψ Nn production subprocess of (1) is, up to the
reverse of the direction of fermionic lines, given by the sum of the same three diagrams
presented on Fig. 2 of Ref. [10].
For the calculation of these diagrams, we apply the collinear approximation, neglect-
ing both the nucleon and pion masses and assuming ∆T = 0. Therefore, the Sudakov
decomposition (2) reads as
ppi ≃ (1 + ξ)p ; p1 ≃ s
(1 + ξ)
n ; pψ ≃ 2ξp+ s
(1 + ξ)
n ; ∆ ≃ −2ξp . (14)
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Also throughout our calculation we set Mψ ≃ 2mc ≡ M¯ with M¯ = 3GeV.
Below, we summarize our conventions for the relevant light-cone matrix elements
encoding the soft dynamics :
• The leading twist-3 uud π−-to-neutron (π− → n) TDAs are defined from the Fourier
transform
F ≡ (p · n)3
∫ [ 3∏
j=1
dλj
2π
]
ei
∑3
k=1 xkλk(p·n) (15)
of the nπ− matrix element of the trilinear antiquark operator on the light cone
M (pi
−→n)
ρτχ (λ1n, λ2n, λ3n) = 〈n(p2)|εc1c2c3u¯c1ρ (λ1n)u¯c2τ (λ2n)d¯c3χ (λ3n)|π−(ppi)〉. (16)
Namely,
4FM (pi−→n)ρτχ (λ1n, λ2n, λ3n)
= δ(x1 + x2 + x3 − 2ξ)ifN
fpi
∑
Dirac
structures
s(pi→N)ρτ, χ H
(pi−→n)
s (x1, x2, x3, ξ,∆
2), (17)
where the sum goes over the eight leading twist Dirac structures s
(pi→N)
ρτ, χ built of
p, n, ∆T , charge conjugation matrix C and the Dirac spinor U¯(p2). The explicit
form of these Dirac structures is worked out in the Appendix A, which contains
also the relation of the parametrization of the leading twist π− → n TDAs to the
conventional n→ π− TDAs introduced in Ref. [19].
• For the leading twist antinucleon DAs, we employ the standard parametrization of
Ref. [17] involving three invariant functions V p, Ap and T p (see also Appendix B of
Ref. [14]).
• For the light-cone wave function of J/ψ heavy quarkonium ,we use the so-called
nonrelativistic wave function suggested in Ref. [17].
The leading order and leading twist amplitude of the reaction (1) admits the following
parametrization, 1
Ms1s2λ = C
1
M¯5
[
U¯(p2, s2)Eˆ∗(λ)γ5U(p1, s1)I(ξ,∆2)
− 1
mN
U¯(p2, s2)Eˆ∗(λ)∆ˆTγ5U(p1, s1)I ′(ξ,∆2)
]
, (18)
where E is the charmonium polarization vector and U¯ , U stand for the nucleon Dirac
spinors.
The calculation of the three Born order diagrams yields the same result for the integral
convolutions {I, I ′}(ξ,∆2) as for J/ψ π production in p¯p annihilation up to the obvious
1We adopt Dirac’s “hat” notation vˆ ≡ vµγµ.
5
replacement of nucleon-to-pion (N → π) TDAs with pion-to-nucleon (π → N) TDAs
introduced in (17). The explicit expressions for I and I ′ can be found in Eqs. (13) and
(15) of Ref. [10]. The overall numerical factor C in (18) is expressed as:
C = (4παs)3 f
2
Nfψ
fpi
10
81
, (19)
where αs stands for the strong coupling, fpi = 93 MeV is the pion weak decay constant,
fψ determines the normalization of the wave function of heavy quarkonium and fN deter-
mines the value of the nucleon wave function at the origin. The normalization constant
fψ is extracted from the charmonium leptonic decay width Γ(J/ψ → e+e−). With the
values quoted in Ref. [20], we get |fψ| = 416± 5 MeV.
4 Estimates of the cross section
To work out the cross section formula, we square the amplitude (18) and average (sum)
over spins of initial (final) nucleons. Staying at the leading twist accuracy, we account for
the production of transversely polarized J/ψ. Summing over the transverse polarizations
we find
|MT |2 =
∑
λT
(
1
2
∑
s1s2
Ms1s2λT (Ms1s2λT )∗
)
. (20)
The leading twist differential cross section of π +N → J/ψ +N then reads
dσ
d∆2
=
1
16πΛ2(s,m2N , m
2
pi)
|MT |2
=
1
16πΛ2(s,m2N , m
2
pi)
1
2
|C|22(1 + ξ)
ξM¯8
(
|I(ξ,∆2)|2 − ∆
2
T
m2N
|I ′(ξ,∆2)|2
)
, (21)
where Λ(x, y, z) is defined in (3).
In order to get a rough estimate of the cross section we use the simple nucleon exchange
model for π → N TDAs suggested in Ref. [22]. We do not expect that the inclusion of
the spectral part for π → N TDAs [21, 23] would be essential to draw a conclusion on
the feasibility of the relevant experiment. The refinement of the present description will
be done in course of availability of precise experimental data.
The predictions of the cross-channel nucleon exchange model of Ref. [22] for n→ π−
TDAs within the parametrization (A1) are summarized in Eqs. (25)–(27) of Ref. [10].
Employing the results of the Appendix A, we conclude that π− → n TDAs within this
model are expressed as{
V1,2, A1,2, T1,2,3
}(pi−→n)
(x1,2,3, ξ,∆
2)
∣∣∣
N(940)
=
√
2
{
V1,2, A1,2, T1,2,3
}(p→pi0)
(−x1,2,3,−ξ,∆2)
∣∣∣
N(940)
;
T
(pi−→n)
4 (x1,2,3, ξ,∆
2)
∣∣∣
N(940)
= 0. (22)
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Note that nucleon-to-pion TDAs within the cross-channel nucleon exchange model have
purely the Efremov-Radyushkin-Brodsky-Lepage (ERBL)-like support. As the result
the convolution integrals I, I ′ within this model turn to be real since the poles in the
corresponding integrands are located either on the crossover trajectories which separate
the Dokshitzer-Gribov-Lipatov-Altarelli-Parisi (DGLAP)-like and the ERBL-like support
regions of π → N TDAs2, or within the DGLAP-like support regions.
The convolution integrals I, I ′ within the simple nucleon pole model (22) are ex-
pressed as
I(ξ,∆2)
∣∣∣
N(940)
= −
√
2
fpi gpiNNmN (1 + ξ)
(∆2 −m2N )(1− ξ)
M0;
I ′(ξ,∆2)
∣∣∣
N(940)
= −
√
2
fpi gpiNNmN
(∆2 −m2N )
M0, (23)
where M0 is given by Eq. (19) of Ref. [10]. Note that the integral convolution M0 also
occurs in the well-known expression for the J/ψ → p¯p decay width within the pQCD
approach [18]:
ΓJ/ψ→pp¯ = (παs)
6
1280f 2ψf
4
N
243πM¯9
|M0|2. (24)
As the phenomenological input for the cross section estimate we may employ different
solutions for the leading twist nucleon DAs V p, Ap, T p. Similarly to the case of the
charmonium decay width, our result depends strongly both on the form of the input
leading twist nucleon DAs and the value of αs.
Analogously to Ref. [10], we have chosen to present our results for the π−p→ J/ψ n
cross section with the value of αs fixed by the requirement that the given phenomeno-
logical solution reproduces the experimental J/ψ → NN¯ decay width from the pQCD
expression of Ref. [18]. The corresponding values of αs for several phenomenological
solutions for the leading twist nucleon DA are summarized in the Table 1 of Ref. [10].
Phenomenological solutions for nucleon DAs that are largely concentrated in the
end point regions such as the Chernyak-Ogloblin-Zhitnitsky [18] or King-Sachrajda [24]
require smaller values of αs ∼ 0.25 to reproduce the experimental value of ΓJ/ψ→pp¯.
The solutions which are close to the asymptotic form of the nucleon DA φNas(y1,2,3) ≡
V pas(y1,2,3) − Apas(y1,2,3) = 120y1y2y3 like the Bolz-Kroll [25] and Braun-Lenz-Wittmann
next-to-leading order model [26] require rather large values of αs ∼ 0.4 to reproduce the
experimental value of ΓJ/ψ→pp¯ with Eq. (24). We refer the reader to Refs. [27, 28] for
the discussion and critics of the available phenomenological models of the leading twist
nucleon DAs.
Note that with the aforementioned assumptions the predictions of the cross-channel
nucleon exchange model for π → N TDAs (22) for the cross section (21) can be seen as
being independent of the particular form of the phenomenological solution for the leading
twist nucleon DAs. The cross section can be be expressed through the experimental value
2For the definition of the ERBL-like and DGLAP-like support regions of TDAs, see Ref. [21].
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[20] of the decay width ΓJ/ψ→pp¯ = 0.197± 0.009 KeV:
dσ
d∆2
∣∣∣
N(940)
=
40
27
g2piNNΓJ/ψ→pp¯ M¯m
2
N
(m2N −∆2)2Λ2(W 2, m2N , m2pi)
1 + ξ
ξ
[
(1 + ξ)2
(1− ξ)2 −
∆2T
m2N
]
. (25)
Let us stress that we employ this model only as the first very rough cross section estimate
intended for the preliminary feasibility studies at J-Parc kinematical conditions. Once the
experimental data would be available, its description within the suggested factorization
mechanism would require both the detailed discussion on the form of the leading twist
nucleon DAs and π → N TDAs as well as the estimation of the possible higher twist and
αs corrections.
On Fig. 2, we show our estimates of the differential cross section dσ
d∆2
for π−p→ J/ψ n
(21) as a function of the pion beam momentum Ppi for the exactly backward charmonium
production (∆2T = 0⇔ θ∗pi = 0). The range of the pion beam momentum 10GeV ≤ Ppi ≤
20GeV corresponds to the J-Parc experimental setup.
On Fig. 3, we show the differential cross section dσ
d∆2
for π−p → J/ψ n as a function
of |u− umax| for |u| ≤ 1 GeV2, where umax is the threshold value (12) of the momentum
transfer squared. We show the result for several values of the pion beam energy Ppi. In
order to better describe the cross section behavior for ∆2T 6= 0 we employ the exact value
(12) for the maximal cross-channel momentum transfer squared.
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Figure 2: Differential cross section dσ
d∆2
for π−p→ J/ψ n as a function of the pion beam
momentum Ppi (W
2 ≈ 2mNPpi) for ∆2T = 0. Our estimate is based on the nucleon
exchange contribution to the π → N TDAs and is independent of the specific form of the
leading twist nucleon DA [see Eq. (25) and the corresponding discussion].
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Figure 3: Differential cross section dσ
d∆2
for π−p→ J/ψ n as a function of |u− umax| for
Ppi = 10, 15, 20 GeV for |u| ≤ 1 GeV2.
On Fig. 4 we show the characteristic center-of-mass angular distribution for the
dσ/d∆2 cross section for the backward factorization regime visualized on the polar plot
with the polar angle being the pion CMS scattering angle θ∗pi [see Eq. (10) for the defini-
tion]. We present the ratio
dσ
d∆2
(W 2, θ∗pi)
dσ
d∆2
(W 2, θ∗pi = 0)
(26)
as a function of θ∗pi showing the result for Ppi = 10, 15, 20 GeV and for −1GeV2 ≤ ∆2 ≤
umax, where umax is the threshold value (12) of the momentum transfer squared. With
the dashed lines we show the effect of the cutoff |∆2| ≤ 1 GeV2 for the values of the CMS
scattering angle θ∗pi [see the discussion around Eq. (10)].
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Figure 4: Angular distribution for the dσ/d∆2 cross section for the near-backward
charmonium production (θ∗pi ≃ 0) for −1GeV2 ≤ ∆2 ≤ umax. Dashed lines show the
effect of the cutoff |∆2| ≤ 1 GeV2 for the values of the pion CMS scattering angle θ∗pi.
Since these rates are certainly within the experimental reach of the J-Parc experiment,
the study of the reaction (1) will provide a valuable universality test for the TDA approach
since the same TDAs also arise in the description ofNN¯ → γ∗π [14], NN¯ → J/ψπ [11, 12]
and backward pion electroproduction off a nucleon γ∗N → πN [23].
5 Conclusions
In this paper we address the reaction π− + Np → J/ψ + Nn which may be studied
in the J-Parc facility. We argue that this reaction may be analyzed within the pQCD
framework. It will not only help to quantitatively disentangle resonance production
from the universal hadronic background but also will provide valuable information on
the hadronic structure encoded in pion-to-nucleon TDAs. Pion-to-nucleon TDAs supply
complementary information with respect to partonic distributions diagonal in quantum
numbers such as common parton distributions and GPDs.
Within the kinematical range accessible at J-Parc, we provide the predictions for the
π− + Np → J/ψ + Nn cross section using a simple nucleon pole model for π → N
TDAs. The obtained cross section estimates give hope of experimental accessibility of
the reaction. A specific feasibility study similar to that recently performed for accessing
N → π TDAs at P¯ANDA [29, 11, 12] should be performed with J-Parc experimental
efficiencies, as it has been done for exclusive forward lepton pair production at J-Parc
[9].
It is worth mentioning that the mass of the charm quark may not be large enough for
our leading order (in αs) and leading twist analysis to be sufficient to describe the data.
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More work is certainly needed to go beyond the Born approximation for the hard ampli-
tude, in particular because the timelike nature of the hard probe is often accompanied
by large O(αs) corrections [30].
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A Crossing π → N TDAs to N → π TDAs
We have the parametrization for the nucleon-to-pion (N → π) TDAs defined through
the Fourier transform of the πN matrix element of the trilinear quark operator on the light
cone. The parametrization involves eight invariant functions, each being the function of
three longitudinal momentum fractions, the skewness variable, the momentum transfer
squared as well as of the factorization scale.
Throughout this paper, we make use of the parametrization of Ref. [19], where only
three invariant functions turn out to be relevant in the ∆T = 0 limit. Let us consider the
neutron-to-π− uud TDA,
4(p · n)3
∫ [ 3∏
j=1
dλj
2π
]
ei
∑3
k=1 x˜kλk(p·n)〈π−(ppi)| εc1c2c3uc1ρ (λ1n)uc2τ (λ2n)dc3χ (λ3n) |n(pN , sN)〉
= δ(x˜1 + x˜2 + x˜3 − 2ξ˜)ifN
fpi
[
V
(n→pi−)
1 (x˜1,2,3, ξ˜, ∆˜
2)(pˆC)ρτ (U
+)χ
+A
(n→pi−)
1 (x˜1,2,3, ξ˜, ∆˜
2)(pˆγ5C)ρτ (γ
5U+)χ + T
(n→pi−)
1 (x˜1,2,3, ξ˜, ∆˜
2)(σpµC)ρτ (γ
µU+)χ
+m−1N V
(n→pi−)
2 (x˜1,2,3, ξ˜, ∆˜
2)(pˆC)ρτ (
ˆ˜∆TU
+)χ +m
−1
N A
(n→pi−)
2 (x˜1,2,3, ξ˜, ∆˜
2)(pˆγ5C)ρτ (γ
5 ˆ˜∆TU
+)χ
+m−1N T
(n→pi−)
2 (x˜1,2,3, ξ˜, ∆˜
2)(σp∆˜TC)ρτ (U
+)χ +m
−1
N T
(n→pi−)
3 (x˜1,2,3, ξ˜, ∆˜
2)(σpµC)ρτ (σ
µ∆˜TU+)χ
+m−2N T
(n→pi−)
4 (x˜1,2,3, ξ˜, ∆˜
2)(σp∆˜TC)ρτ (
ˆ˜∆TU
+)χ
]
≡ δ(x˜1 + x˜2 + x˜3 − 2ξ˜)ifN
fpi
∑
Dirac
structures
s(N→pi)ρτ, χ H
(n→pi−)
s (x˜1, x˜2, x˜3, ξ˜, ∆˜
2). (A1)
We adopt Dirac’s “hat” notation vˆ ≡ vµγµ; σµν = 12 [γµ, γν ]; σvµ ≡ vλσλµ; C is the charge
conjugation matrix and U+ = pˆnˆ U(pN , sN) is the large component of the nucleon spinor.
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fpi = 93 MeV is the pion weak decay constant and fN determines the value of the nucleon
wave function at the origin.
Note that the N → π TDA (A1) is defined with respect to its natural kinematical
variables. Namely the cross-channel momentum transfer is ∆˜ = ppi−pN , and the skewness
parameter ξ˜ is defined from the longitudinal momentum transfer between the pion and
nucleon,
ξ˜ ≡ −(ppi − pN) · n
(ppi + pN) · n
[i.e. it differs by the sign from the definition (4) natural for the reaction (1)].
x1 = −x˜1 x2 = −x˜2 x3 = −x˜3
(b)(a)
x˜3
pN ppippi pN
x˜1 x˜2
πN TDA Nπ TDA
Figure 5: Small arrows show the direction of the longitudinal momentum flow in the
ERBL-like regime for the following: (a) The longitudinal momentum flow for N → π
TDAs defined in (A1). The longitudinal momentum transfer is (ppi−pN) ·n ≡ ∆˜ ·n. (b):
The longitudinal momentum flow for π → N TDAs defined in (17). The longitudinal
momentum transfer is (pN−ppi) ·n ≡ ∆ ·n. Arrows on the nucleon and quark (antiquark)
lines show the direction of flow of the baryonic charge.
Now, we would like to express pion-to-nucleon (π → N) TDAs through (N → π)
TDAs occurring in (A1). For this issue, we apply the Dirac conjugation (complex conju-
gation and convolution with γ0 matrices in the appropriate spinor indices) for both sides
of Eq. (A1) and compare the result to the definition of π → N TDAs (17):
−4(p · n)3
∫ [ 3∏
j=1
dλj
2π
]
e−i
∑3
k=1 x˜kλk(p·n)〈n(pN , sN)| εc1c2c3 u¯c1ρ (λ1n)u¯c2τ (λ2n)d¯c3χ (λ3n) |π−(ppi)〉
= −δ(x˜1 + x˜2 + x˜3 − 2ξ˜)ifN
fpi
∑
s
(γT0 )ττ ′
[
s
(N→pi)
ρ′τ ′,χ′
]†
(γ0)ρ′ρ(γ0)χ′χ︸ ︷︷ ︸
s
(pi→N)
ρτ,χ
H(N→pi)s (x˜1, x˜2, x˜3, ξ˜,∆
2).
(A2)
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For the relevant Dirac structures we get
(v
(pi→N)
1 )ρτ,χ = (Cpˆ)ρτ U¯
+
χ ;
(a
(pi→N)
1 )ρτ,χ = (Cpˆγ5)ρτ
(
U¯+γ5
)
χ
;
(t
(pi→N)
1 )ρτ,χ = −(Cσpµ)ρτ
(
U¯+γµ
)
χ
;
(v
(pi→N)
2 )ρτ,χ = (Cpˆ)ρτ
(
ˆ˜∆T U¯
+
)
χ
= −(Cpˆ)ρτ
(
∆ˆT U¯
+
)
χ
;
(a
(pi→N)
2 )ρτ,χ = (Cpˆγ5)ρτ
(
U¯+ ˆ˜∆Tγ5
)
χ
= −(Cpˆγ5)ρτ
(
U¯+∆ˆTγ5
)
χ
(t
pi→N)
2 )ρτ,χ = −(Cσp∆˜T )ρτ
(
U¯+
)
χ
= (Cσp∆T )ρτ
(
U¯+
)
χ
;
(t
(pi→N)
3 )ρτ,χ = (Cσpµ)ρτ
(
U¯+σµ∆˜T
)
χ
= −(Cσpµ)ρτ
(
U¯+σµ∆T
)
χ
;
(t
(pi→N)
4 )ρτ,χ = −(Cσp∆˜T )ρτ
(
U¯+ ˆ˜∆T
)
χ
= −(Cσp∆T )ρτ
(
U¯+∆ˆT
)
χ
, (A3)
where we switch to the definition of momentum transfer natural for the reaction (1):
∆˜→ −∆. U¯+ ≡ U¯(pN)nˆpˆ stands for the large component of the U¯(pN) Dirac spinor.
The flow of the longitudinal momentum for N → π TDAs defined as in Eq. (A1) and
π → N TDAs defined as in Eq. (17) is presented on Fig. 5. By switching to the variables
ξ = −ξ˜ and xi = −x˜i natural for the reaction (1) and ∆˜2 → ∆2 and comparing (A2) to
(17) we conclude that{
V
(pi−→n)
1, 2 , A
(pi−→n)
1, 2 , T
(pi−→n)
1, 2, 3, 4
}
(x1,2,3, ξ,∆
2)
=
{
V
(n→pi−)
1, 2 , A
(n→pi−)
1, 2 , T
(n→pi−)
1, 2, 3, 4
}
(−x1,2,3,−ξ,∆2). (A4)
References
[1] K. Goeke, M. V. Polyakov and M. Vanderhaeghen, Prog. Part. Nucl. Phys. 47
(2001) 401, arXiv:hep-ph/0106012; M. Diehl, Phys. Rept. 388 (2003) 41, arXiv:hep-
ph/0307382; A. V. Belitsky and A. V. Radyushkin, Phys. Rept. 418 (2005) 1,
arXiv:hep-ph/0504030; S. Boffi and B. Pasquini, Riv. Nuovo Cim. 30 (2007) 387,
arXiv:0711.2625 [hep-ph].
[2] E. R. Berger, M. Diehl and B. Pire, Eur. Phys. J. C 23 (2002) 675, arXiv:hep-
ph/0110062; B. Pire, L. Szymanowski and J. Wagner, Phys. Rev. D 83, 034009
(2011), arXiv:1101.0555 [hep-ph].
[3] E. R. Berger, M. Diehl and B. Pire, Phys. Lett. B 523 (2001) 265, arXiv:hep-
ph/0110080.
[4] M. Vanttinen and L. Mankiewicz, Phys. Lett. B 434, 141 (1998), arXiv:hep-
ph/9805338.
13
D. Yu. Ivanov, A. Schafer, L. Szymanowski and G. Krasnikov, Eur. Phys. J. C 34,
no. 3, 297 (2004) [Erratum-ibid. 75, no. 2, 75 (2015)], arXiv:hep-ph/0401131.
J. Koempel, P. Kroll, A. Metz and J. Zhou, Phys. Rev. D 85, 051502 (2012),
arXiv:1112.1334 [hep-ph].
S. P. Jones, A. D. Martin, M. G. Ryskin and T. Teubner, JHEP 1311, 085 (2013),
arXiv:1307.7099 [hep-ph].
[5] L. L. Frankfurt, P. V. Pobylitsa, M. V. Polyakov and M. Strikman, Phys. Rev. D 60
(1999) 014010, arXiv:hep-ph/9901429; L. Frankfurt, M. V. Polyakov, M. Strikman,
D. Zhalov and M. Zhalov, arXiv:hep-ph/0211263.
[6] B. Pire and L. Szymanowski, Phys. Rev. D 71, 111501 (2005), arXiv:hep-
ph/0411387.
[7] B. Pire and L. Szymanowski, Phys. Lett. B 622, 83 (2005) arXiv:hep-ph/0504255.
[8] B. Pire, K. Semenov-Tian-Shansky and L. Szymanowski, Few Body Syst. 58, no. 2,
74 (2017) doi:10.1007/s00601-017-1244-z [arXiv:1611.04297 [hep-ph]].
[9] T. Sawada, W. C. Chang, S. Kumano, J. C. Peng, S. Sawada and K. Tanaka, Phys.
Rev. D 93, no. 11, 114034 (2016), arXiv:1605.00364 [nucl-ex].
[10] B. Pire, K. Semenov-Tian-Shansky and L. Szymanowski, Phys. Lett. B 724, 99
(2013), [Corrigendum-ibid. 764, 335 (2017)], arXiv:1304.6298 [hep-ph].
[11] B. Ma, B. Pire, K. Semenov-Tian-Shansky and L. Szymanowski, EPJ Web Conf.
73, 05006 (2014), arXiv:1402.0413 [hep-ph].
[12] B. Singh et al. [PANDA Collaboration], Phys. Rev. D 95, no. 3, 032003 (2017)
doi:10.1103/PhysRevD.95.032003 [arXiv:1610.02149 [nucl-ex]].
[13] J. P. Lansberg, B. Pire and L. Szymanowski, Phys. Rev. D 76, 111502 (2007),
arXiv:0710.1267 [hep-ph].
[14] J. P. Lansberg, B. Pire, K. Semenov-Tian-Shansky and L. Szymanowski, Phys. Rev.
D 86, 114033 (2012), arXiv:1210.0126 [hep-ph].
[15] G. P. Lepage and S. J. Brodsky, Phys. Rev. D 22, 2157 (1980).
[16] S. J. Brodsky and G. P. Lepage, Phys. Rev. D 24, 2848 (1981).
[17] V. L. Chernyak and A. R. Zhitnitsky, Phys. Rept. 112, 173 (1984).
[18] V. L. Chernyak, A. A. Ogloblin and I. R. Zhitnitsky, Z. Phys. C 42, 583 (1989) [Yad.
Fiz. 48, 1398 (1988)] [Sov. J. Nucl. Phys. 48, 889 (1988)].
[19] J. P. Lansberg, B. Pire and L. Szymanowski, Phys. Rev. D 75, 074004 (2007)
[Erratum-ibid. 77, 019902 (2008)], arXiv:hep-ph/0701125.
14
[20] C. Patrignani et al. (Particle Data Group), Chin. Phys. C, 40, 100001 (2016).
[21] B. Pire, K. Semenov-Tian-Shansky and L. Szymanowski, Phys. Rev. D 82, 094030
(2010), arXiv:1008.0721 [hep-ph].
[22] B. Pire, K. Semenov-Tian-Shansky, L. Szymanowski, Phys. Rev. D 84, 074014
(2011), arXiv:1106.1851 [hep-ph].
[23] J. P. Lansberg, B. Pire, K. Semenov-Tian-Shansky and L. Szymanowski, Phys. Rev.
D 85, 054021 (2012), arXiv:1112.3570 [hep-ph].
[24] I. D. King and C. T. Sachrajda, Nucl. Phys. B 279, 785 (1987).
[25] J. Bolz and P. Kroll, Z. Phys. A 356, 327 (1996), arXiv:hep-ph/9603289.
[26] V. M. Braun, A. Lenz and M. Wittmann, Phys. Rev. D 73, 094019 (2006), arXiv:hep-
ph/0604050.
[27] N. G. Stefanis, Eur. Phys. J. direct C 7, 1 (1999), arXiv:hep-ph/9911375.
[28] N. Brambilla et al. [Quarkonium Working Group Collaboration], arXiv:hep-
ph/0412158.
[29] B. P. Singh et al. [PANDA Collaboration], Eur. Phys. J. A 51, no. 8, 107 (2015),
arXiv:1409.0865 [hep-ex].
[30] D. Mu¨ller, B. Pire, L. Szymanowski and J. Wagner, Phys. Rev. D 86 (2012) 031502,
arXiv:1203.4392 [hep-ph].
15
x1 x2 x3
y1 y2 y3
k3
k2
k1
pψ
(a)
x1 x2 x3
y1 y2 y3
k2
k3
k1
pψ
(c)
x1 x2 x3
y1 y2 y3
k3
k1
k2
pψ
(b)
